For modular forms of one variable there is the famous correspondence of Shimura between modular forms of integral weight and half integral weight (cf. [15] ). In this paper, we propose a similar conjecture for vector valued Siegel modular forms of degree two and provide numerical evidence and conjectural dimensional equality (Section 1, Main Conjecture 1.1; a short announcement was made in [11] .) We also propose a half-integral version of Harder's conjecture in [4] . Our version is deduced in a natural way from our Main Conjecture. While the original conjecture deals with congruences between eigenvalues of Siegel modular forms and modular forms of one variable our version is stated as a congruence between L-functions of a Siegel cusp form and a Klingen type Eisenstein series.
We give here a rough indication of the content of our Main Conjecture. This is restricted to the case of level one, but stated as a precise bijective correspondence as follows.
Conjecture For any natural number k ≥ 3 and any even integer j ≥ 0, there is a linear isomorphism
which preserves L-functions.
Here the superscript + means a certain subspace of new forms or a "level one" part. The details of the notation and our definitions of L-functions will be explained in section 1.
In section 1, after reviewing the definitions of Siegel modular forms of integral and half-integral weight and their L-functions, we give a precise statement of our Main Conjecture and a half-integral version of Harder's conjecture. In section 2 we compare dimensions and also give a supplementary conjecture on dimensions. In section 3 we give numerical examples which support our conjecture. In section 4 we explain how to calculate the numerical examples. In section 5 we review correspondence between Jacobi forms and Siegel modular forms of half-integral and define vector valued Klingen type Eisenstein series which is used in the half-integral version of Harder's conjecture. In the appendix we give tables of Fourier coefficients which we used.
The author would like to thank Professor Tsushima for showing him a conjectural dimension formula of vector valued Jacobi forms, which gave the author the motivation to start this research.
Main Conjecture
In this section, after reviewing the definitions quickly, we give our main conjecture.
Vector valued Siegel modular forms of integral weight
We denote by H n the Siegel upper half space of degree n.
where Y > 0 means that Y is positive definite. For any natural number N , we put and 1 n or 0 n is the n × n unit or the zero matrix. When n = 2, we sometimes write (2) 0 (N ) = 0 (N ). We also write n = (n) 0 (1) = Sp(n, Z). Now we define vector valued Siegel modular forms of degree n = 2 of integral weight and their spinor L-functions. First we recall the irreducible representations of GL 2 (C). For variables u 1 , u 2 and g ∈ GL 2 (C), we put (v 1 , v 2 ) = (u 1 , u 2 )g. We define the ( j + 1) × ( j + 1) matrix Sym j (g) by Then Sym j gives the symmetric tensor representation of degree j of GL 2 (C). We denote by V j ∼ = C j+1 the representation space of Sym j . The space V j can be identified with the space of polynomials P(u, v) in two variables u, v of homogeneous degree j, where the action is given by P ((u, v) g) for g ∈ GL 2 . If ρ is a rational irreducible representation of GL 2 (C), then there exist an integer k and a positive integer j such that ρ = det k Sym j . We denote this representation by ρ k, j . Any V j -valued holomorphic function F(Z ) of H 2 is said to be a Siegel modular form of weight ρ k, j belonging to 2 if we have
for any γ = A B C D ∈ 2 . We denote by A k, j ( 2 ) the linear space over C of these functions. If j is odd, then −1 4 acts as multiplication by −1 and we have A k, j ( 2 ) = 0. We define the Siegel -operator by
where τ 1 ∈ H 1 . It is well-known that all the components of the vector (F) except for the first one always vanish and the first component is in
, we say that F is a cusp form. We denote by S k, j ( 2 ) the space of cusp forms. If k is odd (and j is even), then since
. Now we define Hecke operators and the spinor L functions. For any natural number m, we put
The action of T (m) on F ∈ M j.k is defined by
where we put
Vector valued Siegel modular forms of half-integral weight
First we define Siegel modular forms of half integral weight with or without character. We denote by ψ the Dirichlet character modulo 4 defined by ψ(a) = −4 a for any odd a. We define a character of 0 (4) by ψ(det(D)) for any g = A B C D ∈ 0 (4) and denote this character also by ψ. To fix an automorphy factor of half-integral weight, we define a theta function on H 2 by
where e(x) = exp(2πi x). A vector valued Siegel modular form F of weight det k−1/2 Sym j belonging to 0 (4) with character ψ l (l = 0 or 1) is defined to
denote the space of these functions. We note that if j is odd, then A k−1/2, j ( 0 (4), ψ l ) = 0 since −1 4 acts as multiplication by −1. We also see that any F ∈ A k−1/2, j ( 0 (4), ψ) (here l = 1) is a cusp form since there are no half-integral modular forms of (1) 0 (4) with character ψ. For modular forms of half integral weight of one variable, Kohnen introduced the "plus" subspace to pick up a "level one" part and has shown that it is isomorphic to the space of modular forms of integral weight of level one (see [14] ). Later it was shown that that this space is also isomorphic to the space of Jacobi forms of index one in Eichler-Zagier [3] . This notion of plus space was generalized to general degree and used in the comparison with holomorphic and skew holomorphic Jacobi forms of general degree (cf. [9] , [5] , [7] ). We review this "plus" subspace for our case. We write the Fourier expansion of
where T runs over half-integral positive definite symmetric matrices. The subspace of S k−1/2, j ( 0 (4), ψ l ) consisting of those F such that a(T ) = 0 unless T ≡ (−1) k+l−1 μ t μ mod 4 for some column vector μ ∈ Z 2 is called a plus subspace and denoted by S
. This is a higher dimensional analogue of the Kohnen plus space and should be regarded as the level one part of S k−1/2, j ( 0 (4), ψ l ). In section 5, we review an isomorphism of this space to the space of holomorphic or skew holomorphic Jacobi forms.
The theory of Hecke operators on Siegel modular forms of half-integral weight was developped by Zhuravlev [21] [22] . (See also Ibukiyama [8] in case of vector valued forms of degree two.) We review it here. (Our normalization is slighly different from his original definition.) We define GSp + (2, R) as the set of elements (g, φ(Z )) where
GSp + (2, R) becomes a group via the product
We can identify 0 (4) with a subgroup 0 (4) of GSp
We define an action of GSp
For any prime number p, we put
For the 0 (4) double cosets
where D is right lower 2 × 2-matrix of n(g ν ) −1/2 g ν ∈ Sp(2, R) and g ν is the projection ofg ν on its first argument. For any odd prime p and any
where ν = 2k + 2 j − 3. We remark that when p = 2, we can also define an Euler 2-factor for F ∈ S + k−1/2, j ( 0 (4), ψ) in the same way as in [7] . Indeed, we can similarly define T * i (2) as in [9] and [5] by the pull back of the Hecke operators on holomorphic or skew holomorphic Jacobi forms. Denoting by λ * (2) and ω * (2) = ω(2) the eigenvalues of these operators, we can then define an Euler 2-factor as above. For details, see [7] or section 4.2 and 5 of this paper.
Main Conjecture
We propose the following conjecture. 
In the above, the scalar valued case occurs only when j = 0 on the left or k = 3 on the right, respectively and when both sides are scalar valued, they are zero. So it is essential to treat the vector valued forms. The above conjecture is false when j is odd, since the left hand side is zero and the right hand side is not zero in general in this case. It is not clear which kind of modification is necessary for odd j.
This conjecture can be proved in principle by Selberg trace formula, but no concrete trace formula is known at the moment except for dimension formulas. To use trace formulas, we need a conjecture comparing not only 
up to normalizing factors, where T half is the Hecke operator defined by the 0 (4) double coset containing the diagonal matrix in the parenthesis. We explain several reasons why we believe our Main Conjecture.
(1) The above weight correspondence is explained as follows. By the Langlands conjectures, Siegel modular forms of Sp(2, Q) should correspond to automorphic forms belonging to the compact twist whose real form is Sp(2) = {g ∈ M 2 (H); g t g = 1 2 }, where H denotes the Hamilton quaternions. It was observed by Y. Ihara (cf. [12] ) that the holomorphic discrete series representation of Sp(2, R) corresponding to the weight det k Sym j should correspond to the irreducible representation of Sp (2) (2) The dimension of S k, j ( 2 ) is known by Igusa for j = 0 and by Tsushima for j > 0 under the condition that k ≥ 5. On the other hand, the dimension of half-integral Siegel modular forms are known by Tsushima. Furthermore, the dimension of holomorphic Jacobi forms and skew holomorphic Jacobi forms are known also by Tsushima as far as we assume a standard vanishing theorem of cohomology which has not been proved in the non-scalar valued case. So, we have a proven dimension formula for S k, j ( 2 ) and conjectural dimensions for
We can compare these two and we can show that they coincide.
These proven and conjectural dimensions are given in the table in section 2. (3) Several numerical examples of Euler factors which support the conjecture will be given for spaces of small dimensions in section 3.
A half-integral version of Harder's conjecture
In his paper [4] , Harder proposed a conjecture on certain congruences between eigenvalues of Siegel modular forms and modular forms of one variables. I understand that it can be stated as follows. Let f ∈ S 2k+ j−2 (SL 2 (Z)) be a common Hecke eigenform of weight 2k + j − 2 of one variable with p-th eigenvalue c( p). Then there exists a Siegel modular form F ∈ S k, j ( 2 ) which is a Hecke common eigenform with eigenvalues λ( p δ ) with respect to T ( p δ ) such that the following condition is satisfied.
where T is a variable and l is a certain prime ideal which divides a certain critical value of L(s, f ). (For a deeper explanation, see [4] .) The left hand side is the Euler p-factor of F if we put T = p −s . But, as far as we can see from examples, there are no Siegel modular forms having the right hand side as the Euler p-factor. Now since we have a conjectural correspondence between S k, j ( 2 ) and S
for odd k, we can give a half-integral version of Harder's conjectures, and in this case we can say more. We assume that k ≥ 3 and j ≥ 0 is even. We take f ∈ S 2k+ j−2 (SL 2 (Z)) as above. Then there exists g ∈ S + k+ j/2−1/2 ( (1) 0 (4)) which corresponds to f by Shimura correspondence (cf. Kohnen [14] ). As we shall see in section 5, when j + 3 > 5, associates to g there exists a Klingen type Eisenstein series
Hence we propose
there exists a Hecke eigen cusp form
F ∈ S + k−1/2, j ( 0 (4), ψ)
such that the Hecke eigenvalues are congruent to those of E(Z , g) modulo the above ideal l.
This type of congruence between cusp forms and Eisenstein series are wellknown for the one variable case, so it seems interesting to state Harder's conjecture in this way.
Dimension formulas
We review here Tsushima's formula for dim
Tsushima also gave a conjectural dimension formulas for vector valued holomorphic or skew holomorphic Jacobi forms of any index under the assumption that k ≥ 4 and assuming a standard conjecture on the vanishing of obstruction cohomology, which is satisfied when j = 0. By the isomorphism we shall define in section 5 this implies also conjectural dimension formulas for the plus space
He stated his results in the form of polynomials in k and j defined accordingly to the residue classes of k, j modulo certain natural numbers. Here we restate these results using generating functions and find:
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For small k or j, examples for the dimensions in question are given as follows.
where cdim means the conjectured dimension.
For the reader's convenience, we quote here Tsushima's formula for dim S k, j ( 2 ) for any odd k ≥ 5 and even j using generating functions. The values dim S 3, j ( 2 ) are not known, but in Table 1 below, we give them as our conjecture. (See below.)
We have
where f (t, s) is given below and dim S 3,2k−6 ( 2 ) (the case j = 0) are conjectural values.
The coefficients of t k s j of f (t, s) are given in Table 1 . A part of our main conjecture says that we should have
In each case, while the dimension of the right hand side is known for all k or j, the one for the left hand side is not known. So, assuming these isomorphisms, we are naturally led to the following conjecture on dimension.
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Actually, if j > 0, these conjectured dimensions are equal to those obtained by putting k = 3 in the general formula of dim 
We give below the basis of the above spaces and their Euler 2 and 3 factors excluding the case S 7,18 ( 2 ) and S 23/2,4 ( 0 (4)). The Fourier coefficients we used will be given in the Appendix.
Eigenforms of integral weight
We construct elements in S k, j ( 2 ) by theta functions with harmonic polynomials. For any
We use the lattice E 8 defined by
This is the unique unimodular lattice of rank 8 up to isomorphism. For a variable Z ∈ H 2 , we write
and for integers k ≥ 4 and j ∈ Z ≥0 , we define ϑ k, j,a,b (Z ) to be the sum
where we write e(x) = exp(2πi x). Then identifying V j with homogeneous polynomials in u and v, we have θ k, j,a,b ∈ A k, j ( 2 ). (This is more or less forklore and we omit the proof.) Now a nuisance here is that this theta function often vanishes identically and we must choose a and b carefully to get non-zero forms. Here we put
We define
Then these forms are non-zero,
for all the above forms. Moreover, the F k, j are common Hecke eigenforms. We also put
− 5095416151 f 5,26b
+ 5095416151 f 5,26b .
Then F 5,24a , F 5,24b , F 5,26a , F 5,26b are also common Hecke eigenforms.
Structure of half-integral weight
Since it seems to be difficult to compute the plus space directly, we first give basis of S k−1/2, j ( 0 (4), ψ) and then, calculating Fourier coefficients we find elements in the plus space. We consider the graded ring A = ∞ k=0 A 2k ( 0 (4), ψ k ) of scalar valued Siegel modular forms of even weight belonging to 0 (4) with character ψ k for weight k. For each j, the module
is an A-module. The explicit structure of A was given in [7] . It is a weighted polynomial ring A = C[ f 1 , g 2 , x 2 , f 3 ] generated by the following algebraically independent four forms
where, for any m = (m , m ) ∈ Z 4 , we define theta constants θ m (Z ) as usual by
For j = 2 or j = 4, the explicit structure of ⊕ ∞ k=1 S k−1/2, j ( 0 (4), ψ) as A-module is given in [10] . When j = 2, this is a free A-module of rank 3 generated by F 11/2,3 ∈ S 11/2,3 ( 0 (4), ψ) and G 13/2,2 , H 13/2,2 ∈ S 13/2,2 ( 0 (4), ψ). When j = 4, the module ⊕ ∞ k=1 S k−1/2,4 ( 0 (4), ψ) is a non-free A-module generated F 9/2,4a , F 9/2,4b , F 9/2,4c ∈ S 9/2,4 ( 0 (4), ψ) and F 11/2,4a , F 11/2,4b , F 11/2,4c ∈ S 11/2,4 ( 0 (4), ψ) . The fundamental relation of the generators of the A-module is given by
in the space M 15/2,4 ( 0 (4), ψ). All these modular forms are constructed by Rankin-Cohen type differential operators starting from θ , g 2 , x 2 , f 3 . For details, we refer to [10] and we omit them here.
Eigenforms of half-integral weight in the plus space
By calculating enough Fourier coefficients, we compute basis for various plus spaces (assuming the conjectured dimension formulas hold true). Then by calculating the action of Hecke operators T i (3), we can give common eigenforms. We define 2, j ( 0 (4), ψ) .
The form F 25/2,2 is defined to be 1/3623878656 times
The form f 29/2,2a is defined to be 1/14495514624 times Next, the form f 29/2,2b is defined as 1/28991029248 times
We go on defining We define f 31/2,2a as 1/1391569403904 times
Next we define f 31/2,2b as 1/521838526464 times
We define F 17/2,4 to be 1/884736 times
We set F 19/2,4 := f 19/2,4 /589824, where f 19/2,4 is
and finally F 21/2,4 := f 21/2,4 /10616832, with f 21/2,4 given by
Numerical Examples of L-functions
In this section, we give our results on the Euler 2-factors and 3-factors of the common eigenforms listed above. We verified that they all support our conjecture. We shall explain how to calculate these examples in section 4. (4), ψ) .
How to calculate eigenvalues
In this section, we would like to show how to calculate the Euler factors of section 3 from the Fourier coefficients of the corresponding Siegel modular forms.
Integral weight
For the theory of vector valued forms of integral weight, we refer to Arakawa [1] . For a common eigenform F ∈ A k, j ( 2 ), we write the Fourier expansion as
A(T )e(Tr(T Z))
where T runs over 2×2 half-integral positive semi-definite symmetric matrices and A(T ) ∈ C j+1 . By automorphy, we have
b/2 c , and for any
, and for any non-negative integers α, β, we put
Let R( p β ) denote a complete set of representatives of SL 2 (Z)/ t (1) 0 ( p β ). For example, we can take
Here, for simplicity, we write ρ j = Sym j . Then we have
For practical use, we need more explicit examples which are given below. Here we write
for simplicity.
where U T t U = * * * m . Further,
where U T t U = ( m * * * ), and
When p = 2, we denote by T * i (2) (i = 1, 2) the Hecke operator obtained as the pullback of the Hecke operators on Jacobi forms at 2 (see section 5). This amounts to take ψ( p)T i ( p) for odd p. We must modify the above formula of
F, but this can be done in the same way as in [7] p.516-517. To be more precise, we omit ψ( p) in α 1,1,0 (T ) and α 1,1,1 (T ), replace k + 1 by k in 
The definition of skew holomorphic Jacobi forms was introduced by Skoruppa for n = 1 and by Arakawa for general n. We say that F(τ, z) is a skew holomorphic Jacobi form of weight ρ of index 1 if (0) F is holomorphic with respect to z and real analytic with respect to the real and the imaginary part of τ .
(1) F| sk ρ,1 γ = F for any γ ∈ J n . and (2) F has a Fourier expansion of the following form.
where y is the imaginary part of τ and (N , r ) runs over L * n × Z n such that r t r − 4N ≥ 0. The space of such functions is denoted by J skew ρ,1 . For any F ∈ J ρ,1 , we have
where the h μ (τ ) are uniquely determined functions. We define
The definition of the Hecke operators T i ( p) (0 ≤ i ≤ n) associated with the diagonal matrix K i ( p 2 ) = (1 n−i , p1 i , p 2 1 n−i , p1 i ) for holomorphic or skew holomorphic Jacobi forms is given in [9] or [5] Theorem 5.1 (cf. [9] , [7] , [5] , [13] For simplicity we assume now that n = 2 and denote by ρ k, j the representation det k Sym j as before. The operator on Siegel modular forms of half-integral weight is defined as usual. As for Jacobi forms, for any function F(τ, z) on H 2 × C 2 , the Siegel -operator is defined by
where (τ 1 , z 1 ) ∈ H 1 × C (cf. [23] ). If F ∈ J ρ k, j ,1 or J skew ρ k, j ,1 , then we have (F) = φe 1 where e 1 = t (1, 0, . . . , 0) and φ is a Jacobi form of degree one belonging to J k+ j,1 or J skew k+ j,1 , respectively. It is well-known and easy to see that J k+ j,1 = 0 or J skew k+ j,1 = 0 if k + j is odd or even respectively. We sometimes identify φe 1 with φ. We would like to define F such that (F) = φ for a given φ. This can be done using Klingen type Jacobi Eisenstein series similarly as in [23] and [6] . To define these we need some notation. We put
We denote by j an even natural number. First of all, we assume that k is even. We take a holomorphic Jacobi form φ(τ 1 , z 1 ) ∈ J k+ j,1 of weight k + j and of index 1 where (τ 1 , z 1 ) ∈ H × C. For τ = τ 1 z 0 z 0 τ 2 ∈ H 2 and z = z 1 z 2 ∈ C 2 , we define f φ by f φ (τ, z) = φ(τ, z). We put
This converges when k > 5. We have E (k, j) ∈ J ρ k, j ,1 and (F) = φe 1 . Next we assume that k is odd. For φ ∈ J skew k+ j,1 , we put This converges also when k > 5. We have E skew (k, j) ∈ J skew ρ k, j ,1 and (F) = φe 1 . We can show that E (k, j) (τ, z, φ) or E skew (k, j) (τ, z, φ) is a Hecke eigenform if and only if φ is so. For any F ∈ J ρ k, j ,1 or J skew ρ k, j ,1 , it is easy to see that we have (σ (F)) = σ ( (F)). We have σ (E (k, j) ) ∈ A + k−1/2, j ( 0 (4)) and σ (E (k, j) ) ∈ A + k−1/2, j ( 0 (4)). We call these functions also the Klingen type Eisenstein series of half-integral weight. Now by Eichler-Zagier [3] or Skoruppa [16] , the above φ corresponds to a modular form g of half-integral weight (k + j) − 1/2 of one variable in the plus space. By Kohnen [14] , this g corresponds to a modular form f of integral weight 2k +2 j −2. If φ is a Hecke eigen form, then so is f . It is proved in the same way as in [7] pp.517-518 that L (s, σ (E (k, j) )) or L(s, σ (E skew (k, j) )) is equal to
Appendix: Table of Fourier coefficients
We give here some Fourier coefficients which are needed to calculate Euler 3-factors.
A.1 Integral weight
For the sake of simplicity, in the tables below, we give
times the ν-th component of the Fourier coefficients. 5, 18 
Fourier coefficients of F

